We study ground-state properties of ultracold fermionic mixtures with strong mass imbalance in one and two-dimensional optical lattices through large scale numerical simulations of the attractive Falicov-Kimball model in harmonic confining potentials. In the one-dimensional case, we observe a formation of insulating atomic-density-wave domains at low particle fillings and a coexistence of insulating and metallic domains at intermediate and large particle fillings. Moreover, we show how the formation of metallic regions is reflected in the momentum distribution of the light atoms. In two dimensions, we find a rich spectrum of density-wave patterns including the homogeneous distributions, the axial striped distributions, the labyrinthine phases as well as the segregated phases. 
Introduction
Recent experimental progress achieved in trapped ultracold quantum atomic gases [1] [2] [3] [4] [5] provides a great opportunity for exploring the physics of long-standing problems of condensed matter theory, such as phase separation, metalinsulator transitions, charge ordering, superconductivity and so forth. A noteworthy advantage of atomic gases over condensed matter systems, such as solids or liquids, is that they allow for versatile tuning of the model parameters so that the particle hopping between the nearest neighbour sites, the dimensionality of the system (from one to three), and the on-site interaction between particles (from attractive to repulsive) can all be varied and controlled with high precision [6] . On the other hand, the quadratic confining potential, present in addition to the regular "lattice" potential, leads to a number of fundamentally new phenomena. For example, it was shown [7, 8] that, in the presence of a confining potential, the Mottinsulating phase is restricted to the domain that coexists with a metallic phase, in contrast to the global character typical of solid-state systems. Moreover, mixtures of two-component atoms with different masses (e.g., 6 Li and 40 K or 87 Sr) introduce an additional parameter, namely, the difference between the hopping amplitudes associated with each species of atoms in the optical lattice. This may affect the stability of the possible quantum phases or even induce new ones [9] [10] [11] [12] . For these reasons the mixtures of ultracold atoms in optical lattices belong to the most intensively studied subjects of contemporary experimental and theoretical physics. In this paper we investigate the ground-state properties of mixtures of two species of fermionic atoms with strongly different masses in a harmonic potential. Since the tunnelling rate decreases exponentially with the square root of the mass of the atom, and particles of different species on the optical lattice interact only through the on-site interaction, this leads naturally to the Falicov-Kimball Hamiltonian [13] with a confining potential [14] 
where + ( ) and + ( ) are the creation (annihilation) operators of heavy ( ) and light ( ) particles at lattice site . The number of lattice sites is L and is selected so that all the fermions are confined in the trap. We denote the total number of fermions in the trap as N and consider an equal number of heavy (N = + ) and light (N = + ) atoms. The first term of Eq. 1 is the kinetic energy corresponding to quantum-mechanical hopping of the light atoms between the nearest-neighbour sites and . These intersite hopping transitions are described by the matrix elements , which are − if and are the nearest neighbours and zero otherwise (in the following all energies are measured in units of ). The second term represents the on-site Coulomb interaction between the light and heavy atoms. The last term is the energy of light and heavy atoms in the harmonic trapping potential of a strength V (for light atoms) and V (for heavy atoms). Very recently, we have performed exhaustive numerical studies of this model for repulsive interactions U > 0 and the same form of the trapping potential for both species of atoms [15] . We have found that the system exhibits the phase separation at low particle fillings. In this case the heavy atoms occupy the center of the trap while the light atoms are localized in the surrounding (metallic) regions. At higher fillings we have observed a formation of insulating domains with atomic-density waves. In all cases, insulating phases coexist with metallic phases. One of the most interesting results is, however, the observation of the universal behaviour of the variance of the local density (independent of the particle filling, the Coulomb interaction and the strength of the confining potential) over the whole region of the local density values. Moreover, we have found that results obtained for the zero tunnelling rate of heavy atoms ( = 0) also remain stable for finite (small) values of ( ∼ 0 2), which justifies the use of the model Hamiltonian (1) for a description of ground-state properties of atomic mixtures with strong mass imbalance, e.g., Li 6 and K 40 or Sr 87 . In the current paper, we extend our numerical calculations on attractive Coulomb interactions between the light and heavy atoms (U < 0), and in addition we consider different curvatures of the confining potential for the heavy and light atoms. Here, we do not restrict ourselves to the onedimensional case: we also analyse the behaviour of the model in two dimensions. Due to the confining potential, the attractive and repulsive limits of the model Hamiltonian (1) are no longer bound by the particle-hole transformation, as in the homogeneous case. One can therefore expect, intuitively, a fully different behaviour of the model in these two opposite limits. Similar calculations performed on the repulsive [7, 8] and attractive [16, 17] Hubbard model fully support this conjecture. Since, in this spinless version of the Falicov-Kimball model with a confining potential, the -heavy atom occupation number + of each site commutes with the Hamiltonian (1), the -heavy atom occupation number is a good quantum number, taking only two values: = 1 or 0, according to whether or not the site is occupied by the heavy atom. Therefore, the Hamiltonian (1) can be written as
where
Thus for a given configuration of heavy atoms = { 1 2 L } defined on the one-dimensional lattice, the
Hamiltonian (3) is the second-quantized version of the single-particle Hamiltonian ( ), so the investigation of the model (3) is reduced to the investigation of the spectrum of for different configurations of heavy atoms. It is well known that, in the absence of harmonic confinement (V = V = 0), the one-dimensional FalicovKimball model exhibits a rich spectrum of solutions. For intermediate and strong interactions, the heavy atoms form the most homogeneous distributions and the ground states are always insulating. The most homogeneous distributions of heavy atoms also persist as ground states in the weak-coupling limit but only above a critical concentration of heavy atoms (U), while below (U) the ground sates are phase separated and metallic [18] [19] [20] [21] . However, due to the confining potential the lattice sites become inequivalent, and thus it is of fundamental importance to analyse the interplay between the on-site Coulomb interaction and the confining potential. To describe the system at non-zero V and V we have calculated various local quantities, like the local den-sity of heavy atoms ( = + ), the local density of light atoms ( = + ), the total site occupation ( = + + + ) and the variance of the local density (∆ = ( + + + ) 2 − + + + 2 ), as functions of total number of the confined atoms, the Coulomb interaction and the confining potentials. The ground states are calculated by a well-controlled numerical method that we have elaborated [22, 23] for a description of the conventional Falicov-Kimball model (V = V = 0). Later, the method was successfully used for various generalizations of the Falicov-Kimball model and different physical problems [24, 25] . The generalization of the algorithm on systems with a harmonic potential is straightforward and consists of following steps. (i) Chose a trial
and V fixed, find all eigenvalues λ of ( ). (iii) For a given N = determine the ground-state energy Different panels (from top to bottom) correspond to: the local density of heavy atoms , the local density of light atoms , the total site occupation = + , the variance of the local density ∆ and the local compressibility κ l .
Results and discussion

One-dimensional case
Let us start a discussion of our results with the symmetric case V = V = V . In Fig. 1 we present results of our numerical calculations for and ∆ obtained on the one-dimensional cluster of L = 120 sites at U = −2, V = 1 and different fillings. We have added also the profiles of the local compressibility that has been proposed by Rigol et al. [7] as a local order parameter to characterize the insulating regions. This quantity is defined as [7] At low particle fillings we have observed the coexistence of spatially separated regions of the atomic-density waves with different periods. The typical example of such a separation with atomic-density waves of period = 2 and = 3 is shown in Fig. 1 for N = 24. The formation of the atomic-density-wave domains in this region of filling is obviously the result of two competing tendencies, and namely, the tendency to minimize the energy of particles in the external confining potential and the tendency to minimize the kinetic energy of light particles. Within the atomic-density-wave domains the light atoms occupy preferably the same sites as the heavy atoms, while the occupancy of remaining sites is relatively small ∼ 0 15.
Outside these domains the site occupation is practically negligible. At low particle fillings the local compressibility κ l is smaller than 10
over the whole region of the trap, indicating the insulating character of the ground state for all . By increasing the number of particles up to N = 30, the connected cluster of heavy atoms ( = 1) starts to form in the middle of the trap, while the insulating regions of the atomic-density waves are pushed to the borders and gradually disappear. The phase with highest period ( = 3) completely disappears at N = 48. A typical situation for particle concentrations near half filling is depicted in Fig. 1 (the case N = 60 ). In the center and at the edges of the trap both the variance of the local density and the local compressibility are finite what indicates the presence of metallic phase in these regions. On the other hand, the regions of the atomic-density waves retain an insulating character also near half filling. Thus, in accordance with results obtained for the repulsive Falicov-Kimball model [15] we also find that in the attractive FalicovKimball model insulating domains coexist with metallic regions, such that global quantities are not appropriate to describe the system. With an even higher filling, the metallic phase in the center of the trap is further stabilized, but at some critical filling (N = 90) a new insulating phase ("a band insulator") starts to develop in the center of the trap ( = 1 = 1). This trend holds also for the highest particle fillings, the width of the bandinsulating phase increases and the surrounding metallic regions are gradually suppressed. To reveal the role of the Coulomb interaction U and the confining potential V on a formation of atomic-densitywave domains, the same calculations have been also performed for various combinations of U and V . The results of numerical calculations for the site occupation as a function of are displayed in Fig. 2 . One can see that the Coulomb interaction U and the confining potential V exhibit precisely opposite effects on the stability of atomicdensity waves. Indeed, with increasing V (at fixed U) the atomic-density-wave domains are suppressed, while with increasing U (at fixed V ) they are stabilized.
Until now, we have supposed that confining potentials for both species of atoms have the same curvatures. Let us now consider different curvatures of confining potentials for heavy (V ) and light (V ) atoms and examine effects of this asymmetry on the local characteristics of the model. In Fig. 3 we present density profiles of the total site occupation as a function of for several different curvatures V at fixed V calculated for two different particle fillings (N = 24 and N = 60) on a one-dimensional lattice of L = 120 sites. One can see that different curvatures of confining potentials of heavy and light atoms do not change qualitatively the type of ordering found for V = V , but only influence the stability region of a given phase. For this reason we next consider only the symmetric case V = V = V . To characterize in more detail different phases found for the one-dimensional Falicov-Kimball model in the harmonic trapping potential we have also calculated the momentum distribution function
that plays the central role in the real experiments with quantum gases [1] [2] [3] [4] [5] . In Fig. 4 we present the momentum distribution function for two different values of particle fillings, namely, N = 24 and N = 60. The corresponding density profiles of the variance of the local density and the local compressibility are displayed in Fig. 1 . As discussed above the system is insulating for N = 24, while the metallic and insulating regions coexist for N = 60. In the first case (N = 24) the momentum distribution function is a smooth function of and does not display any sharp feature corresponding to a Fermi surface. This is typical behaviour of in the insulating phase well-known from the studies of the homogeneous Falicov-Kimball model [22, 23] . The situation is more complex for N = 60. In this case the momentum distribution exhibits sharp features at ∼ 0 26 and ∼ 0 74 that, however, do not coincide with the Fermi momentum F = 0 5 (the Fermi discontinuity is smoothed out due to the presence of the trap). To explain this we have calculated separately contributions to from different parts of a lattice. Since there are three coexisting phases, and namely, the metallic phase in the center of the trap ( ), the insulating phase in the surrounding regions ( ) and the metallic phase at the edges of the trap ( ), it is natural to divide the lattice into three parts and and calculate contributions to only from these different regions
We have verified the accuracy of a such decomposition by comparing the momentum distribution to the sum of contributions from , and and found a nice accordance of numerical results over the whole range of for L suficiently large (see Fig. 5 ). This confirms the validity of our decomposition. The momentum dependences of single contributions and are plotted in Fig. 5 . One can see that the contribution from the region of atomic-density waves exhibits a typical insulating behaviour. This is in accordance with conclusions made from the behaviour of the local compressibility that predicts the insulating character for the region of the atomic density waves. On the other hand, for the regions and the local compressibility predicts the metallic behaviour. In fact, both contributions and exhibit typical signs of metallic behaviour with a sharp feature at a critical momentum ∼ 0 74, for the phase and ∼ 0 26, for the phase. On the basis of the above discussed results, it is natural to suppose that ( ) plays the role of the Fermi momentum for fermions from the region ( ). To verify this we have calculated (in accordance with the non-interacting case) the quantities and . Thus, our results show that within the region and the light atoms behave like non-interacting (metallic) particles and that contributions from these regions can be seen in the total momentum distribution function of the whole system.
Two-dimensional case
We have also performed the same calculations in two dimensions. In this case the trapping potential for heavy and light atoms has the form
where α = and are coordinates of site . For reasons mentioned above we have considered only the case V = V = V and examined the influence of V on a pattern formation at selected particle fillings ( = 1/8 and = 1/2). Let us first discuss the case = 1/2 that exhibits the similar features as its one-dimensional analogue (see Fig. 2 ). For V small (V = 0 1) the heavy atoms form the chessboard structure (see Fig. 6 ) in accordance with results obtained for the homogeneous case [18] [19] [20] [21] . However, with increasing V , a connected cluster by heavy atoms occupied sites starts to form in the center of the trap. This phase is further stabilized with increasing V , while the surrounding chessboard phase is gradually suppressed and completely vanishes at V ∼ 2. The light atoms occupy preferably the same sites as the heavy atoms, but a degree of their delocalization increases with V . Note that some of the patterns presented in Fig. 6 (see also Fig. 7) show a lack of the C4 point group symmetry of the system. This is the most probably caused by the problem of local minima that occurs sometimes within our numerical method. Outside the half-filled case the situation is more complex. This is illustrated in Fig. 7 , for = 1/8 which represents the typical behaviour of the model for < 1/2. For V small the heavy atoms have still a tendency to form the homogeneous distribution. However, at higher V (V ∼ 0 2) an obvious inhomogeneous structure, the axial stripes of heavy (light) atoms oriented along one direction, is formed in the middle of the trap. With increasing V the axial stripes in the center of the trap transform to the labyrinthine phase (stripes along one axis merge with stripes oriented along a perpendicular axis to create the labyrinthine effect) and then on the segregated phase (a similar behaviour has been observed also for the repulsive Falicov-Kimball model [14] ). In all examined cases the primary phase (in the center of the trap) is accompanied by the secondary phase (in the surrounding region), where the light atoms occupancy is even larger than within the primary phase. These results demonstrate clearly the ability of the model to describe various types of density-wave patterns that occur in many physical systems (for example, the high-temperature materials, cobaltates, manganates) but also in biological and material science systems. In summary, we have studied ground-state properties of ultracold fermionic mixtures with strong mass imbalance in one and two-dimensional optical lattices using large scale numerical simulations of the attractive FalicovKimball model in harmonic confining potentials. In the one-dimensional case we have observed a formation of insulating atomic-density-wave domains at low particle fillings and a coexistence of insulating and metallic domains at intermediate and large particle fillings. We have showed that the formation of metallic regions is reflected in the momentum distribution of the light atoms. In two dimensions we have found a rich spectrum of density-wave patterns including the homogeneous distributions, the axial striped distributions, the labyrinthine phases as well as the segregated phases.
